In this paper, we consider a generalized triangle inequality of the following type:
Introduction
The triangle inequality is one of the most significant inequalities in mathematics (cf. [1, 4, 5, 7, 8] ). In this paper, for a normed linear space (X · ), we consider the following generalized triangle inequality which is involved with the Euler-Lagrange type identity: for any fixed ∈ N with ≥ 2 and fixed ∈ R with > 0, 1 1 
where (
In [12] , Takahasi et al. gave a necessary and sufficient condition in order that a special case of (1):
and its reverse inequality hold. In [2] , Dadipour et al. characterized all (µ 1 µ ) ∈ R which satisfy a special case of (1):
and its reverse inequality.
In this paper, our aim is to present a generalization of (2) by using ψ-direct sums of Banach spaces (cf. [3] ). Therefore, we give another approach to characterizations of all (µ 1 µ ) ∈ R which satisfy (2) and its reverse inequality 
Preliminary
In this section, we summarize basic results of absolute normalized norms on C by [6, [9] [10] [11] .
A norm · on C is called absolute if
) ∈ C , and normalized if
Let AN be the family of all absolute normalized norms on C . In [11] , Saito et al. characterized absolute normalized norms on C by means of the corresponding convex function as follows. For each ∈ N with ≥ 2, put
and for any · ∈ AN , we define
Then ψ is a continuous convex function on ∆ and enjoys the following conditions:
. . .
Conversely, we define the set Ψ of all continuous convex functions on ∆ satisfying the conditions (A 0 ),(A 1 ), ,(A n ). For any ψ ∈ Ψ , we define a mapping on C :
Then · ψ ∈ AN and satisfies (3).
In fact, AN and Ψ are in a one-to-one correspondence under the equation (3).
Next, we consider the dual space of C with absolute normalized norm (cf. [6] ). Let ψ ∈ Ψ . For any ( 1 2 ) ∈ C , the dual norm · * ψ of · ψ is defined by 
Moreover, we have the generalized Hölder inequality:
for any (
Now we note a basic example of absolute normalized norms. The -norm on C :
is a good example, and also for any · ∈ AN , we have
where 1/ + 1/ = 1.
At the end of this section, we define the setΨ of all continuous concave functions on ∆ satisfying
forψ ∈Ψ (cf. [9] ). Just as ψ ∈ Ψ (4), for anyψ ∈Ψ , we define a mapping · ψ on C as
This mapping is not a norm, however we have the generalized inverse Minkowski inequality:
For all ∈ R with 0 < < 1,
is an element ofΨ and (
Main results and corollaries
Let (X · ) be a normed space. For any ∈ N with ≥ 2 and ψ ∈ Ψ , we can consider a product space X with the norm (
We call (X · ψ ) ψ-direct sum of X (cf. [3] ), and denote it by ψ (X ). We first prove the following result.
Theorem 3.1.
Let X be a normed space and ψ ∈ Ψ . Let ( 
Conversely, assume that ( 1 ) satisfies (9) . Take any ∈ X with = 1, and any (α
and so we have (
In the above theorem, ( 1 ) is an element in the unit ball of ( ψ ) * = ψ * , where ( ψ ) * is the dual space of ψ .
From Theorem 3.1, we have the following corollary by putting ψ = ψ and using (6).
Corollary 3.2.
Let X be a normed space and ∈ R with > 1. Let ( Forψ ∈Ψ , we define · ψ as in (8) , and consider (X · ψ ) which is denoted by ψ (X ). Note that ψ (X ) is not a normed space. In this case, we have the following main result. 
Corollary 3.4.
Let X be a normed space and ∈ R with 0 < ≤ 1.
Now we give another proof of characterizations of n-tuples (µ 1 µ ) ∈ R which satisfies
where ∈ R with > 0, proved by [2, Theorems 2.4 and 2.5]. We put
and also for each = 0 1 , we place in correspondence F ( ; ) as the subset of F ( ) consisting of all -tuples (µ 1 µ ) ∈ R for which inequality (11) holds and exactly numbers of µ 1 µ are negative. We note that 3.5 (cf. [2, Theorems 2.4 and 2.5]) .
Let X be a normed space and ∈ R with > 0. Then the following assertions hold:
In the case where > 1, from Corollary 3.2, we have
where 1/ + 1/ = 1. In the case where 0 < ≤ 1, from Corollary 3.4, we have
(ii) Suppose µ < 0. In (11), take any ∈ X with = 1, and put = δ for all = 1 , where δ is a Kronecker's delta. Hence 1 ≤ 1/µ . This is a contradiction, and so F ( ; ) = ∅.
(iii) is clear.
Similarly, we give another proof of characterizations of all (µ 1 µ ) ∈ R which satisfy a reverse inequality of (11):
where ∈ R with > 0, proved by [2, Theorems 2.6 and 2.7]. We put 
]).
Let X is a normed space and ∈ R with > 0. Then the following assertions hold:
Proof. (i) In (13), put = 0 for all ∈ {1 } such that µ < 0. Next, for all ∈ {1 } such that µ > 0, select such that = 0 and 1 + · · · + = 0. Hence the left-hand side of (13) vanishes, and the right-hand side of (13) is strictly positive. This is a contradiction, and so G( : ) = ∅. 
In ( 
